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Abstract 

We define a graded twisted-coassociative coproduct on the tensor algebra TW of any Z" -graded 
vector space W. IfW is the desuspension space J, V of a graded vector space V, the coderivations 
(resp. quadratic "degree 1" codifferentials, arbitrary odd codifferentials) of this coalgebra are 1- 
to-1 with sequences Tts, i > 1, of i-linear maps on V (resp. Z"-graded Loday structures on V, 
sequences that we call Loday infinity structures on V). We prove a minimal model theorem for 
Loday infinity algebras, investigate Loday infinity morphisms, and observe that the Lodoo category 
contains the L^, category as a subcategory. Moreover, the graded Lie bracket of coderivations gives 
rise to a graded Lie "stem" bracket on the cochain spaces of graded Loday, Loday infinity, and 
2n-ary graded Loday algebras (the latter extend the corresponding Lie algebras in the sense of 
Michor and Vinogradov). These algebraic structures have square zero with respect to the stem 
bracket, so that we obtain natural cohomological theories that have good properties with respect 
to formal deformations. The stem bracket restricts to the graded Nijenhuis-Richardson and — 
up to isomorphism — to the Grabowski-Marmo brackets (the last bracket extends the Schouten- 
Nijenhuis bracket to the space of graded antisymmetric first order polydifferential operators), and 
it encodes, beyond the akeady mentioned cohomologies, those of graded Lie, graded Poisson, 
graded Jacobi, Lie infinity, as well as that of 2n-ary graded Lie algebras. 
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1 Introduction 

The prevailing approach to cohomology consists in associating in a canonical way a differential 
module to the investigated algebraic structure. For instance, in IILLMP99II and HILLMPOll (resp. in 
IIOud97l ) the author(s) define(s) Lichnerowicz-Jacobi and Nambu-Poisson cohomologies (resp. the 
cohomology of graded Leibniz algebras with trivial coefficients) essentially as the cohomology of a 
Lie algebroid (resp. as the homology of a differential graded dual Leibniz algebra) that is associ- 
ated with any Jacobi or Nambu-Poisson manifold [it suffices to solve the Lie algebra homomorphism 
equation for the natural anchor map] (resp. that is induced by the considered Leibniz algebra [via 
dualization]). 
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However, the most natural way to obtain a differential space from an algebraic structure is the 
square-zero or canonical element method that was initiated by De Wilde and Lecomte in ||DWL88i 
They look for a graded Lie algebra, such that there is a 1-to-l correspondence between the studied 
algebraic structures and the degree 1 elements of the Lie algebra space that square to zero with respect 
to the Lie bracket. The adjoint action by the given structure then provides a differential graded Lie 
algebra, the cohomology of which has the usual properties with respect to formal deformations of the 
algebraic structure. 

Two efficient tools allow finding the mentioned graded Lie algebra: 

- The coalgebraic technique consists in the identification of the cochain space of the investigated 
algebra with certain coded vations, in such a way that the algebraic structure can be viewed as an odd 
codifferential. These identifications enable constructing a graded Lie bracket on the space of cochains 
by transfer of the commutator bracket of coderivations; the considered algebraic structures are then 
canonical elements of this transferred bracket. The procedure was applied by Stasheff ||Sta93l in the 
case of associative and Lie algebras and by Penkava BPenOll for strongly homotopy associative and 
Lie algebras. 

- The operadic theory, as developed in IIMSS02I . shows that Stasheff 's approach is applicable for 
any quadratic operad The authors associate to ^ a. cofree coalgebra over the dual operad, whose 
quadratic codifferentials correspond to the ^—algebra structures on a graded vector space V. This 
construction yields the homology and cohomology theories of ^—algebras on V and allows defining 
strongly homotopy ^—algebra structures on V as arbitrary codifferentials. 

In the present work we provide a tensor coalgebra that induces the proper concepts of Loday 
infinity algebras and morphisms, and define the cohomologies of Z" -graded Loday, Loday infinity, 
and 2/7-ary graded Loday algebras. This leads to a graded Lie "stem" bracket, in which are encrypted, 
in addition to the preceding cohomologies, the coboundary operators of graded Lie, graded Poisson, 
graded Jacobi, Lie infinity, and 2/7-ary graded Lie algebras |MV97 |. Our approach is self-contained, 
results are explicit, and they suggest that the operadic theory is not confined to the quadratic case. 

The paper is organized as follows. 

In Section 2, we study the properties of cohomology algebras, which are implemented by square- 
zero elements in a graded Lie algebra, with respect to formal deformations of these elements. Our 
upshots extend similar properties for the adjoint Hochschild (resp. Chevalley-Eilenberg, Leibniz) 
cohomology and deformations of associative (resp. Lie, Loday) structures, which were proved in 
IIGer64ll (resp. IINR67L IIBal96ll ). and recovered in IIBal97L 

Section 3 contains the definition of a graded dual Leibniz coalgebra structure A on the tensor 
algebra T{W) of a. Z" -graded vector space W. We provide explicit formulae for the reconstruction of 
coderivations and cohomomorphisms from their corestriction maps. 

In Section 4, we transfer the Z"-graded Lie bracket of coderivations of the mentioned tensor coal- 
gebra T{W) of the desuspension space W :=| V of an underlying Z"-graded vector space V, and get 
a Z"+^-graded (resp. Z"-graded) Lie bracket on the Z"+^-graded vector space of weighted multilinear 
maps on V (resp. on the Z"-graded vector space of sequences of shifted weighted multilinear maps 
on V). We determine the explicit form of this pullback "stem" bracket and show that its Z"+^ -graded 
version coincides in the case of a nongraded underlying space V (resp. of graded skew-symmetric 
multilinear mappings on V) with Rotkiewicz's bracket MRotOSI pertaining to left Loday structures 
[and corresponds to Balavoine's bracket IIBal97l concerning right Loday structures] (resp. with the 
graded Nijenhuis-Richardson bracket IILMS92II ). 
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Codifferentials of our dual Leibniz coalgebra T{W) are characterized in Section 5. We prove 
that Z"-graded Loday structures on V can be viewed as (resp. we define strongly homotopy Loday 
structures on V as) degree e\ := (1,0, ... ,0) G Z" quadratic (resp. odd degree) codifferentials of (r(| 
V), A). Loday infinity structures and Loday infinity morphisms are described in terms of sequences of 
weighted multilinear maps that satisfy explicitly depicted sequences of constraints: our Lodoo algebras 
are really differential graded Loday algebras up to homotopy and the Lodoo category contains the Loo 
category as a subcategory. 

Loday infinity (quasi)-isomorphisms are investigated. In Section 6, we prove a minimal model the- 
orem for strongly homotopy Loday algebras, and deduce that any Loday infinity quasi-isomorphism 
has a quasi-inverse - a theorem whose Lie infinity counterpart plays a key-role in Deformation Quan- 
tization. 

In Section 7, we deal with graded and strongly homotopy cohomologies. Z" -graded Loday 
[resp. strongly homotopy Loday] structures are canonical for the Z"+^-graded [resp. Z"-graded] stem 
bracket, so that we obtain a natural cohomology theory and an explicit coboundary operator. In the 
nongraded (resp. the antisymmetric) [resp. the Lie infinity] case, our Z"-graded Loday [resp. Loday 
infinity] cohomology operator coincides with the Loday (resp. graded Chevalley-Eilenberg) [resp. Lie 
infinity] differential given in IIDT97II and IIBal97ll (resp. in IILMS921I ) [resp. in llPenOlll and iFPUIj ]. 

Further, graded Poisson and Jacobi cohomologies were defined purely algebraically by Grabowski 
and Marmo in [GMOSJ. The authors prove existence and uniqueness of a Z"+' -graded Jacobi (resp. 
Poisson) bracket on the algebra of antisymmetric graded first order polydifferential operators (resp. 
of graded polyderivations). We compute this "Grabowski-Marmo" bracket explicitly and explain how 
the corresponding cohomologies are induced by our stem bracket. 

Finally, essentially two p-ary extensions of the Jacobi identity were investigated during the last 
decades. The first, see e.g. IIFil85L leads to the Nambu-Lie structure, see IINam73L the second, see 
IIMV97II . IIVV98II . IIVVOll . will in this text be referred to as p-aiy Lie structure. We define analogously 
p-ary (p even) Z"-graded Loday structures and their cohomology. These graded p-aiy Loday algebras 
are special strongly homotopy Loday algebras, so that we have to prove that the two stem bracket 
induced cohomologies coincide. 

2 Canonical elements of graded Lie algebras 

Unless otherwise stated, all vector spaces that we consider in this text are spaces over a field IC 
of characteristic 0, and all graded vector spaces are Z" -graded, n G N*. The Z" -degree deg(v) of a 
vector V or the Z"-weight deg(/) of a graded linear map / are often denoted by the same symbol v or 
/. If V,/ G Z" are two such degrees, we set (v,/) = l^, v,/,-. A homogeneous vector or graded linear 
map w is termed odd, if (w,w) G Z is an odd number. Eventually, again except differently stipulated, 
all graded brackets are of weight 0. 

Definition 1. We call canonical element of a graded Lie algebra (GLA) {V, {—,—}), any odd element 
71 GV that verifies {k, k} = 0. 

It follows from the Jacobi identity that a GLA (V, {— , — }) endowed with a canonical element n is 
a differential graded Lie algebra (DGLA) (V, {—,—}, 5;^) for := {tt, —}. Of course the cohomology 
space of any DGLA is canonically a GLA. We denote the cohomology GLA of the preceding DGLA 

Let us mention two basic examples. If V is a Z"-graded vector space, we set M{V) = 0(A,a)eZ" xz 
m(^'") (V), where M^^^"^ {V)=0 for all a < -2, M^^-'^\v) = V^, and where for each a > 0, M^^-"^ {V) 
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is the space of all {a+ 1) -multilinear maps A : 1/^(^+1) —>-V that have weight A. Further, we denote by 
A{V) the graded vector subspace of M{V), which is made up by the ^"-graded skew-symmetric maps. 

Example 1. The pair (M(V), [-, -]°) (resp. {A{V),[-,-]^^)), where [-,-]° (resp. [-,-]^^} 
denotes the graded Gerstenhaber ( resp. Nijenhuis-Richardson ) bracket, is a Z"+ ^ -graded Lie algebra. 
Its canonical elements of degree (0, 1) G Z" x Z are the associative graded (resp. graded Lie) algebra 
structures onV. If n is such an element, [7l,7l]'^ = (resp. [7l,n]^^ = 0) exactly means that 71 is 
associative (resp. verifies the graded Jacobi identity). The cohomology Hjt{M{V)) (resp. H^{A{V))) 
coincides with the adjoint Hochschild (resp. Chevalley-Eilenberg) cohomology of{V, k). 

For details pertaining to these examples, we refer the reader to IILMS92II . 

Next we show that cohomology algebras Hj[{V) that are implemented by canonical elements n are 
good tools to study formal deformations of n. 

We set V[[v]] = ®aeZ"^"[W]]j where V"[[v]] is the space of formal power series in a for- 
mal parameter v with coefficients in the degree a term V" of V. A formal power series TTy = 
llT=o^'^' S V'^'^^^'^' [[v]] with first term Tio = 7i is a formal deformation of tt, if it squares to zero 
w.r.t. the natural extension of the bracket {— ,— } to a bilinear map of the space V[[v]], i.e. if 
{tTvjTTv} = Lp=o^''Li+;=p{^M^;} = 0- ^formal deformation of order q is a formal series Tly that 
is truncated at order ^ in v and satisfies the condition 

^ {Ki,Kj}=0, \<p<q. (1) 
i+i=P 

We refer to formal deformations of order 1 as infinitesimal deformations. 

Proposition 1. The cohomology space H^^^^^^^ (V) contains the obstructions to extension of formal 
deformations of order at least 1 to higher order deformations. 

Proof. Assume that n admits an order q, q > I, deformation TTy and define Ep in such a way that 
Condition ([T]) reads Ep = —2dji{7ip), 1 < p < q.\n view of ([T]), we then have 

k+l+j=q+\ 
k,l,j^Q 

which vanishes due to Jacobi's identity. In order to extend deformation Ky to order ^+1, see ([T]), 
cocycle Eq+i e v2deg(;r) jjjy^t ^ coboundary. □ 

Lemma 1. Let nbe a canonical element of a GLA (V, {—,—}) and consider a series Xv = L/li "^'Xi ^ 
y"[[v]]. If Hv is a formal deformation of 71, then exp(ad;|^v) is a formal deformation of 71 as well. 

Proof. Let us mention that exp denotes the exponential series and stress that 

CO 

{adXvf7iy = {Xy{Xv...{Xy,7iy]...}} = Y,vP £ {Xh{Xh---{Xh^T^ ]}■■■}}■ (2) 

^ ' p=0 ii+...+ik+i=P 

k 

It follows that the coefficient of in the exponential series over k is made up by a finite number of 
terms in V'^'^^^^^ ; indeed, if k> p + \, at least one of the Xi> vanishes. Moreover, the coefficient of v" 
contains only the term ^ = 0, and thus (exp(ad;^v) ^v)o = ^- Eventually, as ad;^v is a derivation of 
the bracket {—,—}, we have 

(adXyf{7iv,7iv}= £ C[{(ad;^v)''7rv,(ad;^v)'7rv}, 

r+s=k 
r,s>0 

where C[ is the binomial coefficient. Hence, exp(ad;^v){?rv) ^^v} = {exp(ad;^v)^v!exp(ad;fv)^v}, 
which completes the proof of the lemma. □ 
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Recall that two formal deformations Tly and n'y of n are said to be equivalent (resp. equivalent up 
to order q, q> 1), if there is a series Xv of the type specified in Lemma[TJ such that exp(ad;^v) = ^'v 
(resp. exp(ad;^v) = ^'v + ^(v^^')). A deformation Tiy of 7i is called trivial (resp. trivial up to order 
q, q > I), if 7iv is equivalent to 71 (resp. equivalent to n up to order q). 

Proposition 2. IfH^^^^''\v) = 0, any formal deformation of n is trivial. 

Proof. Let Tiy '■= 7i + 'ET=i ^'^i be a formal deformation of n. We first prove that Tiy is trivial up 
to order 1, then we proceed by induction. Condition ([T|l and the assumption imply that there exists 
Xi G such that Tii = d^^Xi)- When setting x'v '' = ^Xi> we get exp(ad;^v^-')7rv = + ^(v^). 
Suppose now that Tiy is trivial up to order q {q > 1), or, equivalently, that there is a series Xv^\ 
such that 7r(, := exp(ad;^v^')7rv = ^ + ^'^'^^^'q+i + i^(v^+^). As above, since 7r(, is a deformation of 
71, there exists Xq+i G ^" that verifies n'^^i = 57r(Z^+i)- Set now xi"^^'' := Xv^^ + v'<'+^Xq+i and 
< := exp(ad;t;i,'^+'')7rv It follows from Equation © that < - < = -V^+^^^rC^+i) + 
Hence, tt" = tt + ^(v^+^), which completes the proof. □ 

Concerning infinitesimal deformations, it is easily seen from the above explanations that 

Proposition 3. Infinitesimal deformations of a canonical element 71 of a GLA (V, {— , — }) are classi- 
fied up to first order equivalence by H^^^^^\v). 

3 Graded dual Leibniz tensor coalgebra 

Let us briefly recall some well-known facts. A graded coalgebra (C, A) is a graded vector space 
C = ©ceggn C" together with a coproduct A, i.e. a linear map A : C — > C ® C that verifies A(C") C 
®^+y=aC^ ■ A cohomomorphism from (C, A) to a graded coalgebra (C, A') is a weight linear 
map :C , such that A'^ = (^ ^)A. In this text, the tensor product of linear maps is defined 
by {f '^g){v\ (8>V2) = (— l)^^'^''^/(vi) '8)g(v2), with self-explaining notations. Further, a homogeneous 
coderivation of (C, A) is a linear map 2 : C ^ C of weight deg(2) that satisfies the co-Leibniz identity 

= (2 ® id + id(g)2)A, where id is the identity map of C. Weight a coderivations form a vector 
space CoDer"(C), and the space CoDer(C) = ®aeZ" CoDer"(C) of all coderivations carries a natural 
Z" -graded Lie algebra structure provided by the graded commutator bracket. 

To any Z"-graded vector space V , we associate the (reduced) associative tensor algebra T{y) = 
0p=i (the full tensor algebra includes the term V®" = ]K as well), which carries two natural grad- 
ings, the Z-gradation T{V) = 0p^i TPV, TPV := V^p, and the Z"-gradation T{V) = ®aeZ" T{V)", 
r(V)« := ©;;^i (r^V)", (TPV)" = ©ft+...+/3, -« V^^ (^...®vP^. in the following, unless differently 
stated, we view T(y) as Z"-graded vector space. 

In order to define and study a coproduct on T(y) that is adapted to Loday structures, we need 
additional notations. For any p-tuple N^p^ := {I, . . . ,p), p G W, an unshuffle / = (/i ,...,//:), 1 < A; < j), 
of A'^''^' is a naturally ordered subset of N^p\ The length of / is denoted by |/|. If / and J are two 
nonintersecting unshuffles, we set {I; J) = (/i , . . . , /|/| ; 71 , . . . , 7|^| ), and / U7 is the unique unshuffle that 
coincides with (/;/) as a set. Similarly, V(^j.j) = (v,; , . . . ,Vi^^^;vji ,Vj^j^), ve G V^''. The sign (— l)^^'-'^ 
is the signature of the permutation (/;/) — > /U/, whereas ev{I',J) is the Koszul sign implemented by 
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Proposition 4. Let V bea Z" —graded vector space. The coproduct A : T (V ) — > T (V ) T (V) , defined 
by 

^{vl®...®vp)= £ ev{I;J)Vi^Vj®Vp {vi£V'',p>l), (3) 

provides a graded dual Leibniz coalgebra structure on Tiy), i.e. a graded coalgebra structure that 
verifies 

(id(g)A)A = (A(g)id)A+ (r(g)id)(A(g)id)A, (4) 

where T : T{y)<^T{y) —> Tiy)^T{y) is the twisting map, which exchanges two elements of the 
V -graded space T{V) modulo the corresponding Koszul sign. 

Proof. It suffices to compute tlie images of vi (8" • • • Vp by the tliree terms of (HJl. The first (resp. 
second; third) one is equal to 

£ eviL,K;L)Vi^VK^VL^Vp (5) 

(resp. to the same sum, but confined to those unshuffles that verify /|/| < ^|^| ; k^^^ < /|/| , since 
ey(/:;/;L)(-l)<^'^^'^) = ev{L,K;L)). Hence, the result. □ 

Theorem 1. The mapping 

: CoDere(r(y)) 3Q^ {QuQi,--.) =: ^Gp G Y{m(Q^p-'\v), (6) 

p p>i 

which assigns to any (weight Q) coderivation Q its (weight Q) corestriction maps Qp : T'^V '^T{V) 
T{V) ^ V, where pr denotes the canonical projection, is a vector space isomorphism, the inverse of 
which associates to any sequence {Q\ ,Q2,.. ■) the coderivation Q that is defined by 

!2(viO...OVp)= (7) 

£ £y (/;/)(- 1 ) <e'^')y, ^ !2|y|+i (Vj C5 v, J ® , 

7U7U^=A'('') 
IJ<K 

where I < K means that /|/| < ki and where Vf E V'. 

Remark 1. The isomorphisms Yq> Q G (for inverses, see Equation ^) induce an isomorphism 
Xj/^ between CoDer(r(V)) and the corresponding direct sum of direct products. Further, if we denote 
by CoDer2(r(V)), Q G Z",;? G N*, the image by {WqY^ ofM^Q^P-^\V), isomorphism Yq restricts 
to an isomorphism V^Qp^ between these spaces. If no confusion arises, we write \j/ instead ofY^, 

Proof. It suffices to show that Equation (Q defines a coderivation and that the thus defined map *F is 
the inverse of Y- One easily sees that i/a o *F = id. The second condition *F o i//^ = id means that y is 
injective. As A vanishes if and only if its argument belongs to V, an induction on p allows deducing 
from the coderivation condition and the definition of A that Q vanishes on T^'V, if its corestriction 
maps vanish. As for the coderivation condition, although it is quite easily checked for < 3, the 
general proof is rather technical: it will not be reproduced here, but can be found in BAmmOSII . □ 



Like coded vations, cohomomorphisms from {T{V),A) to {T{V'),A) are characterized by their 
corestriction maps. 
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Remark 2. Let V and V' be two U^-graded vector spaces. A coalgebra cohomomorphism : 
{T{V),A) — > (r(V),A) is uniquely defined by its (weight 0) corestriction maps : T^V V, 
p > 1 , via the equation 

^(vi0...®vp) = £ £ £y(/i;...;r)^|,,|(y,i)®...®^|,.|(V/.0, (8) 
■«=i/'u...u/'=M''' 

'l/i|<-<'|/^l 

where vi G V^''^. 

Set now = (1,0, . . . ,0) € and consider the desuspension operator I'.V IV, where IV is 
the same space as V up to the shift (J, V)" = of gradation. The inverse map of J, is denoted by 

|. The mapping |®^:=J, (S>---(S> i, p factors, i.e. the mapping 

v^P3v,®...®Vp^ (-i)l.'UiiP-^M i VI . . . $5 i Vp € (i Vf^, (9) 

is an isomorphism of weight —pei, whose inverse is (— 1)^"^^ J^p . 
Remark 3. The isomorphisms 

^(e,P) ■M'^^''''Hi V)BQp^ Tip :=T oQpO M(e+(i-i')^..P-i)(V), (10) 

2 € G N*, (their inverses are defined by ( — 1)^^^ | oUpO generate isomorphisms Oq and 
between the corresponding direct products and direct sums of direct products. If no confusion is 
possible, we omit super- and subscripts and denote these isomorphisms simply by O. Isomorphisms 
diOD extend of course to multilinear maps on [V valued in [ V'. 

Remark 4. Theorem\l}and Remarks\l]i3\show that weight Q coderivations Q : (r(| V),A) {T{1 
V), A) can be viewed as sequences K = (tTi , 712, • • •) = Lp of weight 2 + (1 — p)ei multilinear maps 
Tip : V^'' — > V, and that cohomomorphisms ^ : {T{1 V),A) — > {T{1 V'),A) (which by definition have 
weight 0) can be seen as sequences f = (/i,/2,...) =Y.pfp of weight (1 — p)ei multilinear maps 
fp-.VP^V. 

4 Stem bracket 

When combining the isomorphisms a^^ and we get, for A G Z",fl; G N, a vector space 
isomorphism 

0(^,,):M(^'«)(y)9A^e^ = (O,... ,0,(2^+1,0,. ..)GCoDer^+r'(raV)), dD 

where Q^^i = (—1)"^^ J, oAo and where is the coderivation that is obtained from 

via extension equation (Q. 

Theorem 2. The Z"^^ -graded vector space Mr{V) = M{V) QV is a Z"^^ -graded Lie algebra, when 
endowed with the bracket 

[A,Br := (-l)^+<^''^''^^'+^>0(^i^^,^,)([0(A,o(A),0(B,.)W (12) 

A G M^^'"\V), B G M(^'^'(V), where [-,-] denotes the Z"-graded Lie bracket of the space of 
coderivations of {T{[ V),A). 
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Proof. It follows from Equation dV]) that the p-th corestriction map [0(^^)(A),0(gj,)(B)]p vanishes if 

p ^a + b + l,so that the bracket [<^'(A,u)(^))^(B,fe)(^)] is really a coderivation in CoDer^^^^,^"^^^''' (r(| 
V)). The sign (_i)i+("fi.^«i+s> ensures that the Z" -graded Lie bracket of coderivations induces a 
Z"+i-graded Lie bracket [-, -]®. □ 

As the map (p = xj/^^ o is also a (weight 0) Z"-graded vector space isomorphism 

: C(y) := ]^M(e+(i-p)^i.P-i)(v) ^ CoDer(r(i V)) = CoDere(r(i V)), (13) 

the next proposition is obvious. 

Proposition 5. The U^-graded vector space C{y) is a Z"-graded Lie algebra for the bracket 

[K,pf = r'[^KAp] = Y^ I (-l)i+(^'-^)<^-''>[7r„Ar, (14) 

q>\s+t=q+\ 

where 71 = X!i^.v G C^{V) and p = Y.t Pt ^ C^iV) are two homogeneous C{V)-elements ofZ"-degree 
71 and p respectively. 

Remark 5. In the following, we refer to [—, —]® (resp. [— , — ]®j as the Z"-graded (resp. -graded) 
stem bracket. 

Theorem 3. The Ij"^^ -graded stem bracket on MriV) explicitly reads 

[A,Bf = jAB-{-lf^'^'^'^''^'^^jBA, (15) 

where 



UbA) (Vi ® . . . Va+h+i) = (- 1 ) £ (- 1 ) 



By,)+b\i\ 



I,J<K,\J\=b 



( - 1 ) ev{T,J)A{Vi^B{Vj^Vkj0VK\kJ, (16) 
for any A G M(^'")(y), B € M('^'^)(V), a,b>0, and ve G V. 

Proof. It follows from Equation ([7]) that the {a-\-b-\- l)-th corestriction of [0(/i.£i)(^))0(B,fo)(5)] = 
[2^5 G^] is obtained by just restricting the involved composite maps to (| y)«5(«+^+i), xhe description 
of the isomorphisms </'(^\,) then shows that 

[A,Bf = -(-l)<'"^i'^^'+'8> (^|oQ^o!2^oi®("+^+i) 

_(_l)(A+««i,B+fc^i> I oQ^oQ^o . (17) 

If V^(»+i+i) = vi (g) . . . (g) Va+/,+i , with V£ G V"'', we get 

i3i = (f-b^Ca + ft+l-^K), 

■«>i 

where [ Vf^(a+b+i) =[vi® [ Va+b+\- Formula ^ yields 

/U7U^:=A'<''+''+') 

/,7<a:,|/|=Z) 

jSz = (B + ^jf^i.^z+l/lei). (18) 
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Moreover, 

ef+l (i i V,. ) = (- 1 )ft i ® V,. ) , ft = (^'l , £ (Z^ + 1 - ^)V,- ) , 

s>l 

as the sign (—1) 2 inside Qf^i and the sign due to the shift of the Z" -gradation cancel each other 
out. When noticing that evaluated on an element of (| is nothing but Q^^j, we obtain 

To(2^oe^oi'«(«+^+i))(v^,„,,,„)= (19) 

X (- ii;J)A(yi®B(yj v,, ) ® 

with ^ = /3i + j82 + jSs + j84 + jSs + ft , where 

i84 = (ei , £ (a + 1 - 5)v,- ), ft = (a - \I\){ei,B + Vj + v^, ), and ft = (ei , £ (a - |7| - ^ + l)vi,) 

.v>l .v>2 

are generated by and where, again, the sign inside and the sign due to the shift neutralize. 

We will prove that 

i-lYeiv{I;J) = (-l)<^'"^'>+<^'^'^+'^l'l(-l)(^'-')£v(/;/). (20) 
Observe first that an appropriate regrouping of terms yields 

(a+b+l 
{eu £ {a + b + l-s)v,) 

\i\ \i\+\J\ 
+ {euY,{a + b+l-s)vi^) + {ei, £ (a + b + I - s)v 

a+h+l \ 

+ {ei, £ {a + b + l- >s) Vi^_|^|_|^| ) , 

s=\I\ + \J\ + \ J 

where, since in view of the conditions I,J < K the concatenation (/;/) is a permutation of 1, . . . , |/| + 
the term £2 reads (modulo even terms) 

h = (ei, £(5 + /v)v,-,) + {ei, £ (■y + /.-|/|)v/,_|,|). 

If permutation (/;/) is a transposition (/;/) = {I, . . . ,q — l,q + + 2, . . . ,\I\ + \J\), then £2 = 
{ei,Vq + Vq+i) . It is now easily checked that for a transposition 

{-\y^e^viI-J) = i-if'''^ev{I;J) (21) 

and that for a composition of transpositions all the factors of this last equation are the products of the 
corresponding factors induced by the involved transpositions. It follows that Equations (|2TI ) and (l20l ) 
hold true for any permutation (/;/). 
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Eventually Equation ( [T9l ) may be written 

£ (-1 (- 1 ) (^^■') £y (/; 7)A(y7 o B(y, V, J y^\,, ) , 

/u7ua:=a'(°+*+'' 

where m = {B,aei) + (B,^/) +^|/|. 
If we define the insertion operator 

A E M^'*''') (y),B£ M(^'^) (V), a, ^ > 0, we finally get the announced resuU. □ 

Remark 6. It is easily checked that the restriction of the stem bracket [— , — ]® to the subspace A,-(y) 
of M,-{V), made up by graded skew-symmetric multilinear maps on V, coincides with the graded 
Nijenhuis-Richardson bracket [—,—]^^ that was introduced in l\LMS92\l . 



5 Graded and strongly homotopy Loday structures 

Let us recall that a codifferential of a coalgebra is a coderivation that squares to 0. 

Proposition 6. A homogenous odd weight coderivation Q of the coalgebra (T(y),A) is a codifferen- 
tial if and only if for any p>\, the following equation holds identically: 

£ £y(/;/)(-l)<2''''>G|/|+|if|(V/^G|y|+i(V70v,J®Vj,\,,)=O. (22) 

/U7U/i:=A'<''' 
I,J<K 

Proof. As Q is an odd weight coderivation, 2Q^ = [Q, Q] and so is also a coderivation. Thus, 
according to Theorem [H the condition 2^ = is satisfied if and only if the corestriction maps 2^, 
p > 1, of 2^ vanish. It is easily seen that 2p(V^(,,) ) is exactly the LHS of (l22l ). □ 

Definition 2. A graded Loday algebra (V, {—,—}) {GLodA for short) is made up by a Z"-graded 
vector space V and a weight bilinear bracket {— , — } that satisfies the graded Jacobi identity 

{a,{b,c]} = {{aM,c} + {-\t^'HbM.c}], (23) 

for any homogeneous a,b,c G V. 

Nongraded Loday algebras were introduced by Loday in ||Lod93l and are also known as Leib- 
niz algebras. For further information on graded Loday algebras, we refer the reader to IIKos96ll or 
IIAkm97L 

Theorem 4. Let Lod(V) be the set of IP-graded Loday structures on a IP -graded vector space V, 
and denote by CoDiff2(r(| V)), Q^IP, p G W, the set of codifferentials Q of {T{i V),A), which 
have weight Q and whose corestriction maps all vanish except Qp. Then, 

L The restriction o/0(o,i) to Lod(V) is a bijection and 

Lod(y) ~ CoDif^' (r(i V)), (24) 
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2. The graded Loday structures on V are exactly the canonical elements of weight (0,1) of the 
graded Lie algebra {Mr{V), [-, -]®). 

Proof. Since 0{o,i) is a bijection between M^^''^^{y) and CoDer2'(r(| V)), it suffices, in order to 
account for Point 1, to prove that 0(o,i)(Lod(V)) = CoDif^' {T{[ V)). 

If 71 G Lod(y), its image 0(o,i)(7r) = 0.'' = (0,Gf ,0, . . .) € CoDerj' (r(i V)) is a codifferential, if 

QliQlii [ V2)0 i V3) + (-l)<^''^^''^Gf (i VI (i V2^ i V3)) 

+ (_l)(^i+iviav2)g^^(| V2 ® (i VI® i V3)) = 0, (25) 

see Proposition [6] and note that Condition (l22l) is trivial for p / 3. When remembering that Q2 = — i 
oTT o (I (g) I), we easily check that Condition (1251 ) reads 

(_1)(V2,.,) I [7r(7r(vi®V2)(g)V3) 

-7r(vi (g) 7r(v2 V3)) + (-l)^''''"2>7r(v2 7r(vi V3))] = 0. 

As 71 verifies the graded Jacobi identity, the last requirement is fulfilled. 

Conversely, ifQ= (0, Q2,0, . . .) G CoDiff^' (r(i V)), then TT := $^^\^ (Q) is a graded Loday struc- 
ture. 

As regards Point 2, note that any graded Loday structure TT is odd. Furthermore, 

so that the graded Loday structures are exactly the canonical elements of weight (0, 1). □ 

There are two ways to make an algebraic structure more flexible, categorification and homotopy- 
fication. In the sequel, we extend graded Loday structures, see Equation ((24l) . and investigate the 
homotopy version of Loday algebras. 

Definition 3. A strongly homotopy Loday algebra or a Loday infinity algebra is a W-graded vector 
space V endowed with a codifferential of odd weight of the tensor coalgebra {T{[ V), A). 

We denote by LodH(V), Q G Z", (2, Q) odd, the set 

Lode(y)~coDiffe(r(iv)) 

of weight Q Loday infinity (Lod£ for short) structures on V , whereas Lodco(V) denotes the set 
Lod^ (y ) - as most infinity structures considered below have weig htei. Since Q is odd, Q G LodH(y) 
if and only if 2 G CoDer2(r(i V))wA[Q,Q]= l(jp- = 0. Hence, in view of Remark|4]and Proposition 
15] the sequence "definition" of Loday infinity algebras: 

Proposition 7. A Loday infinity algebra is a V-graded vector space V together with a sequence of 
structure maps 

TT = (TTi, ;r2, . . .) = ^TTp G cQ{V) = nM(e+(i-/')^..P-i)(v) 
p P>1 

of odd degree Q, such that 

E (-l)i+(-i)<^..e>[;r„;r,]®=0,V/^>2. (26) 

s+t=p 

In the usual case of Lodoo structures 71 on V, the first three conditions (l26l ) mean that {V, tti) is a 
chain complex, that tti is a Z"-graded derivation of the bilinear map 712, and that 712 is a Z"-graded 
Loday structure modulo homotopy 713. 
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Example 2. If the structure maps of a Lodoo algebra (V, k) all vanish, except n\ (resp. except 7I2, 
except K\ and 712), {V, k) is a chain complex {resp. a -graded Loday algebra (GLodA), a differential 
graded Loday algebra{DGLodA)). 

Example 3. Let {V, n) and {V, k') be two Lodoo algebras. Their direct sum (V ©V', K © k') is a Lodoo 
algebra, where the structure maps are defined by 

(7rffi7r')p(vi +v'i,...,Vp + Vp) := Tip{vi,...,Vp) + K'p{v\,...,v'p), 

for any p>\. 

It is obvious from the structure of the explicit form of the stem bracket [— , — ]®, see Theorem[3l 
that if 71 and 7i' verify the Lodoo conditions (l26l) in V and V' respectively, then tt © tt' verifies the same 
conditions in V © V. 

As a Lodoo structure on V is a weight ei codifferential Q of the coalgebra (r(J, V), A), it is natural 
to give the following coalgebraic 

Definition 4. Let iV, Q) and {V' , Q') be two Lodoo algebras. A Lodoo morphism /rom {V, Q) to iV' ,0.') 
is a coalgebra cohomomorphism ^ '. V), A) — > ^O''^)' such that Q' ^ = ^Q- 

Since the composition of Lodoo morphisms is again a Lodoo morphism, and as, for any Lodoo 
algebra, the identity map is a morphism (say J^, with corestriction maps J^i = id and J^p = 0, for 
p > 2), Lodoo algebras and their morphisms form a category, which we denote by Lodoo. 

Next we give the sequence "definition" of Lodoo morphisms, see RemarklH 

Proposition 8. Let (V, n) and {V, n') be two Lodoo algebras. A Lodoo morphism f : {V, n) {V, k') 

is a sequence of weight (1 — p)e\ multilinear maps fp -.V^P ^ V', p > 1, which satisfy the condition 

t I (-l)-(-l)(''-^^^)£y(/i;...;n7r;(^,.|(y,0,---,^/.l(^/0) 
■«=i/'u...u/'=M''' 
/',... 

'^,|<-<'ri 

= L (-l)^(-l)'-''''£v(/;./).^/|+w(^/,?r|^|+i(^/,v,,),yj,\,J, (27) 

IJ<K 

where 

(0 = '±^ + '^^^^^^{s-r)\F\+'^2<r<s{{\n + 1)^'!, + • • • + (28) 

and 

X = {{\ + \J\)ei,Vi + {p + \)ei), (29) 

for all p >\. 

Proof. When using ^ and we see that Q'^ and J^Q are similarly composed of the respective 
corestriction maps, so that they coincide, if their corestrictions do. This leads to a reformulation 
of the intertwining condition Q'^ = in terms of Q'p^^p^Qp, > 1. The translation of this 
reformulation by means of the sequences tt',/, 71, and in particular the above signs, are obtained by a 
direct computation that is based upon similar arguments than those used in the proof of Theorem [3] 
We refrain from providing the details. □ 
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Remark 7. The first constraint ()27p states that f\ is a chain map between (V, tti ) and (V , n[ ), whereas 
the second means that f2 measures the deviation from fi being a (V, K2) — (V, TTj) homomorphism. If 
(V, Tl) and {y\ 71') are DGLodAs, map f\ is a DGLodA morphism. It can be shown that the category 
Leo o/Loo algebras and morphisms is a subcategory o/Lodco- 

Definition 5. A Lodoo quasi-isomorphism /rom a Lodc» algebra (V, n) to a Lodoo algebra (V', n') is a 
Lodco morphism f : (V, Tl) ^ (V, Tl'), 5mc/z chain map f[ : (V, TTi) ^ (V, TtJ) induces an iso- 

morphism /i J : //(y, ;ri) ^ H{V\ n[) in cohomology. In particular, f is called a Lodoo isomorphism, 
f\ : V — > V is an isomorphism. 

If ^ ~ / and ~ g are two composable Lodoo morphisms, we denote hy go f the sequence of 
multilinear maps that corresponds to the Lodoo morphism Similarly, Tl' o f and f on we the 

sequences that represent Q' ^ and ,^Q. The Lodoo morphism condition (l27l ) then reads n' of = f on. 
We use these and analogous notations below. 

The next upshots will be needed in the following. 

Proposition 9. I. Any coalgebra cohomomorphism f : {T(l V),A) iT{i V'),A), which corre- 
sponds to a sequence f = (/i,/2, . . .), whose first element f\ is bijective, is invertible, i.e. there 
is a coalgebra cohomomorphism f^^ : (r(J. V'),A) — > {T{1 V),A), such that f o f^^ = Id and 
/ = Id, where Id is the unit cohomomorphism Id = (id, 0,0, . . .). 

2. If iy, n) denotes a Lodoo algebra, any sequence f = {fi,f2, ■ ■ •) of weight (1 — p)ei multilinear 
maps fp :V^P ^V, whose first element fi is the identity map ofV, induces a new Lodoo structure 
/ o 71 o ' onV and f is a Lodoo isomorphism between (V, 7l) and (V, / o tt o ^ ). 

3. Any Lodoo isomorphism f : (V, k) (V', Tl') admits an inverse that is a Lodoo isomorphism 
as well. 

Proof. 1. Let : (r(J, V),A) (r(| V'),A) be a coalgebra cohomomorphism, whose first core- 
striction ^1 :J, V — >J, V' is bijective. If there is an inverse cohomomorphism : (r(J, V'),A) {T{1 
y). A), it follows from the condition = and from Equation ([8]) that = and that, for any 

P>2, 

= - 1 I ^iv (/^ • • • -j-i^.-'^s {^f I (i v; ) ^ • . • ® %i (i v;.)) . 

^=2/lu...U/-'=A'(''' 
/',... ,7^0 

'|/>|<-<'>l 

The last equation provides inductively the corestriction maps of a cohomomorphism One can check 
that ^ not only verifies = J^, but also = J^. 

2. Take a Lodoo structure Q onV and a cohomomorphism ^ : (r(| V),A) — > (r(| V),A), such 
that ^1 = id. Since {f^g)o(h®k) = {—\)^^''^'^{foh)®{gok), with self-explaining notations, it is 
easily seen that J^Q^^^, where is the inverse cohomomorphism §f given by Item 1, is a weight 
ei codifferential of T{1 V), i.e. a Lodoo structure on V. Eventually, ^ is obviously a Lodoo morphism, 
and, in view of the assumption = id, even a Lodoo isomorphism. 

3. Consider two Lodoo algebras {V,Q), {V',Q') and a Lodoo isomorphism i.e. a cohomo- 
morphism, such that is bijective and Q'^ = (*). It then follows from Item 1 that there 
is an inverse cohomomorphism J^^^, such that = {J^i)^\ and from Equation {*) that 
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The following key-theorem generalizes the last item of Proposition |9l 

Theorem 5. Iff : {V,7l) — > {V' ,7l') is a Lod„ quasi-isomorphism, it admits a quasi-inverse, i.e. there 
exists a Lodco quasi-isomorphism g : {y',K') (V, TT), which induces the inverse isomorphism in 
cohomology, i.e. = {f]_^y\ 

We prove this theorem, which does not hold true in the category of DGLodAs, in the next section. 

6 Minimal model theorem for Loday infinity algebras 

Definition 6. A Lodco algebra (V, tt) is minimal, if n\ = 0. It is contractible, if Hp = O,for p>2, and 
if in addition H{V, TTi) =0. 

Tlieorem 6. Each Lodoo algebra is Lodoo isomorphic to the direct sum of a minimal Lodoo algebra and 
a contractible Lodoo algebra. 

Theorem [6] was proved for Aoo (resp. Loo) algebras in IIKad83l (resp. in IIKon031 and e.g. 
IIAMM02II '). In the sequel, we provide a proof in the Lodoo case. 

Proof. Let (V, tt) be a Lodoo algebra. For any a G Z", denote by Z" and the trace on of the 
kernel and the image of tti . Consider a supplementary vector subspace V," of in Z" and a supple- 
mentary subspace IV" of Z" in V"'. Let Z,B,V,n, and W be the corresponding graded spaces. Then, 
the complex {V,7ii) decomposes into the direct sum of the complex (V,„,0), with vanishing differen- 
tial, and the complex (V^ := B(BW, Ki), with trivial cohomology. It follows that the sequence f'^^^ := 
(id,0, . . .) is a Lodoo isomorphism from {V, n) to the Lodoo algebra Li := {Vm © Vc,0© Tii , 712, 7^3, . . .). 
We will transform inductively the maps Kp, p>2, via Lodoo isomorphisms, into mappings of the form 
TTp ©0, such that tt"* := (0, 712", tt™, ...) be a minimal Lodoo structure on V,,,. 

Lemma 2. Consider the operator d '.V that is defined, for any v ^Vm^BW , by 5 (v) = 0, and, 
for any v G B, by 5{v) = w, where w is the unique element w ^W, such that 7Z\{w) = v. Let P be the 
projection onto Vm with respect to the decomposition V = V,„ © Vc. Then, 5 is a homotopy operator 
between the complex endomorphisms P and id of iV, Tii ), i.e. ni5 + 5ni = id —P. 

Proof. Obvious. □ 

Let us construct nf. Consider a sequence /(^) := (id, /2, 0,0, . . .), where /2 is a weight —ei bilinear 
map on V. According to Item 2 of Proposition |9l f^'^^ defines a Lodoo isomorphism 

Ll ^ (Vm © Vc, TtJ'' , Tlf , Tlf \ . . .) =: iVn © K, 71^^^), 

and 71^^^ is a Lodoo structure on Vm © Vc, if and only if tt'^^ of^^^ = f^^^ o 7i. In view of Equation (l27l) . 

(2) 

this condition implies that (take /? = 1) tTj — tti = ffi tti , that (take p = 2), for vi G V^' , V2 G V, 

?rf^(vi,V2) = -?ri/2(vi,V2) + 7r2(vi,V2)-/2(7riVi,V2)-(-l)^"'"V2(vi,7riV2), (30) 

(2) 

and (take > 3) it provides the ;rp , p > 3, in terms of /2. 

(2) 

It suffices to find a weight —ei bilinear map /2, such that the resulting 712 ni^ps Vm x V„, to V„, and 

(21 

vanishes elsewhere. Indeed, the restriction 71™ of 712 to Ki x Vm is then a weight bilinear map on Vn 
and 712^^ = 71^ ©0. If we choose the 7t^\ p>3, given by /2, intertwining condition 71*^^^ o/^^^ = f^^^ o 
71 is satisfied and /(^' is a Lodoo isomorphism between Li and (Vm © K:, © 7ri , 71^ © 0, 
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When continuing step by step, we finally get a Lod<x> isomorphism . . .f^^^ o/(^) o/^^^ between {V, k) 
and {Vm®Vc,0® 711,712 ® 0,71^ ®0,...). It eventually follows from the exphcit form of the stem 
bracket, see Example [3] and subsequent explanation, that, since (0 © tti, tt™ © 0, tt™ ©0, . . .) verifies 
the Lodc„ structure condition on V„, © , the two terms of this direct sum verify the same condition on 
Vm and Vc respectively. 

Let us define /2 as follows: 

' 57r2(vi,V2)+P7r2(H',V2), if (vi,V2) g5« xZP, Vi = Ki(w), 

d7l2{vi,V2) + ^P^2{w,V2), if (V1,V2) € xW^ , Vi = 7li{w), 

57r2(vi,V2) + (-l)<^''«>P7r2(vi,w'), if (vi,V2) G Z« x 

V2 = 7ri(w'), (31) 

5;r2(vi,V2) + (-l)<^''«>^/'7r2(vi,w'), if (vi,V2) g x fi/^, 



/2(V1,V2) 



V2 = (w') 



, 57r2(vi,V2), otherwise. 



Map /2 is well-defined, i.e. the two definitions on B"- xB^ d {B" x Z'^) n (Z" x B^^) coincide, as the 
Lodoo structure condition (l26l ) implies 



= P7ri7r2(vi,v2) =P7r2(7rivi,v2) + (-l)<^''">P7r2(vi,7riV2), 

for any vi G V",V2 G V. Indeed, when writing this upshot for w G IV"^''' and w', see Equation ( [3T| ). 
we get the announced result. 

(2) 

It remains to show that 7^2 sends Vm x V,„ to Vm and vanishes elsewhere. 

If (vi,V2) £ZxZ, Equation ( [30l ) and Lemma |2] yield 7r2^'(vi,V2) = 57ri7r2(vi,V2) +P7r2(vi,V2). 

But, since the Lod«, condition entails that 7ri;r2(vi,V2) = 0, we get (vi,V2) = P7r2(vi,V2). Fur- 
thermore, for any (w,V2) G W x Z, Condition (|26l ) implies that ^712(711^, V2) = 0, whereas for any 
(vi,w') G Z X VK, we obtain P7r2(vi,?riw') = 0. Therefore, 

(2), . ^ f P7r2(vi,v2) =: 7r^(vi,v2) G Vm, if(vi,v2) gK, xy„„ 

2 lvi'V2j I 0, if (vi,V2) GBxK,or(vi,V2) Gy™xBor(vi,V2) GBxB. 

If (vi , V2) G X Z) U (Z X W) U X IV), Equation dSO]), LemmaEl and Condition ^ allow 

.(2 
2 

Hence, 



(2) 

checking that (vi , V2) = 0. 



^{^)(^ V ) = I ^2(^U^2) =P7l2ivi,V2) G K,, if(vi,V2) G V,„ X V;„, 
^ I 0, otherwise, 

so that it suffices to continue by induction. □ 

We are now prepared to prove Theorem [5] 



Proof. Let / : {V,7i) —>■ {V',7r') be a Lodoo quasi-isomorphism. According to the minimal model 
theorem, there is a Lodt„ isomorphism h (resp. h') that identifies the Lodoo algebra (V, Tl) (resp. 
(V, tt')) to a direct sum {V,„ © Vc, 7i'" © 71'^') (resp. (V^ © V^, tt"" © Ti"')). Furthermore, since the in- 
clusion i := (/,0,0, . . .) : {Vn,7l'") (Ki © K:, tt'" © 7l') (resp. the projection p := (P',0,0, . . .) : (V,; © 
Vc, 71"" © 71"-') — > {V^,7l'"')) is a Lodco quasi-isomorphism, the sequence /j^ := h^^ oi (resp. h'^ := poh') 
is a Lodc«, quasi-isomorphism from {Vm,7l'") (resp. (y',7r')) to {V,7i) (resp. (V^,7r"")). Therefore, 
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the map /"' := h"^ ofoh^ is a Lodoo quasi-isomorphism between {Vm,7i'") and (V,^,, tt""). But, as 
H{V,n, K) = and H{V^, = V^,, the map {ff\ = ff : V,n V'^ is an isomorphism, and so 
has a Lodoo isomorphism inverse (Z'")-!, with = (/^)"^ see Proposition m Consequently, 

the sequence g:=U o (/'")^^ o/j'P is a Lodoo quasi-isomorphism from (V,?!') to (V, tt). Moreover, 
gijj = (/ij)-i. Indeed, observe first that gi = /o (/;")-! o/" and /f =/"o/i o/. For any [v'] e//(y',7r;), 
we thus getgitj[v'] = \{fl'Y^P'v'\ eH{V,7ti). On the other hand, =: M G //(V, TTi), hence 

fiv = v' + ttJo', t)' G y'. It now suffices to show that there is d G V, such that {/"'y^P'v' = v + Tiiti, 
i.e. 

p'v' = /;" (v + TTi ) = P'/i V + P'/i niV=P'{v' + n[v')+P'n[fiV. 
This condition is satisfied for any V gV, since P'ttJ =0. □ 

In view of the preceding proof, we have the following 

Corollary 1. Each Lodoo algebra is Lodoo quasi-isomorphic to a minimal one. 

7 Graded and strongly homotopy algebra cohomologies 

7.1 Graded Loday and Chevalley-Eilenberg cohomologies 

Let 71 G Lod(V) be a Z"-graded Loday structure on V . As 7i is canonical for the Z"+'-GLA 
(M,-(V), [— , — ]®), see Theorem m it is clear that the cohomology of the induced DGLA, with differ- 
ential dji = [7i,—]® , should roughly be the cohomology of the considered Loday algebra. 

Proposition 10. The graded Loday cohomology operator dji of a Loday structure K = {—,—} on a 
vector space V, reads, for any BGM(^'^)(y), Z7> -1, and any homogeneous vi , . . . , Vb^2 G V, 

{d^B) (vi , . . . , Vh+2) = (- 1 )''+^ {B(vi , . . . , v/,+1 ) , Vb+i} - 

E(-i)'"H-i)<''+'''+---+'''-''^''^{v,-,B(vi,...,^;-,...,v,+i,v,+2)} 

(=1 

b+l i 

+ £ £(-l)^'+l(-l)<^V.'V+l+-+v,> (-32) 
i=l j=\ 

B(vi,...,Vy,...,Vi,{V;,V,-+l},V,-+2,...,V/,+2). 

Proof. For ^ > 0, the explicit form of dji is a consequence of Theorem [3l Equation (l32l ) suggests 
extending dji toM^^(y) = V by {djtv){w) := n{v,w) = {v,w}, for any v,w . The extended operator 
dj^ is a cohomology operator on M(V), since 

dn{dnv){vi,V2) = -7r(7r(v,Vi),V2) 

-(-l)<^''"'>7r(vi,7r(v,V2)) + 7r(v,7r(vi,V2)) = 0, 

in view of the Jacobi identity. □ 

Definition 7. The graded Loday cohomology of a U' -graded Loday algebra iV, 7l) is the cohomology 
of the complex {M(y),djt), where dj^ is given by Equation dj2P . 

Remark 8. In the non-graded case, Operator dj2D coincides with the ( non-graded) Loday coboundary 
operator, see HDT97\I . and in the antisymmetric situation, it is ( the opposite of) the graded Chevalley- 
Eilenberg differential, see HLMS92\I . 
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7.2 Graded Poisson and Jacobi cohomologies 

In the following we prove that the stem bracket [— ,— ]® not only restricts to the Nijenhuis- 
Richardson bracket, see Remark [6l but also to the Grabowski-Marmo bracket, which was defined 
in IIGM03II . and in particular to the Schouten-Jacobi and Schouten brackets. 

7.2.1 Definition 

It is well-known that the triplet made up by the space of multivector fields of a manifold, the wedge 
product, and the Schouten-Nijenhuis bracket, is a graded Poisson algebra of weight a = — 1. Let us 
recall that, more generally, a graded Poisson algebra of weight a € is an associative Z" -graded 
commutative algebra £/, endowed with a bilinear bracket {— ,— } of weight a, which is a-graded 
antisymmetric, i.e. verifies {m,v} = — (— 1)^"+"'"+"''{v,m}, and satisfies the graded Jacobi identity, as 
well as the graded Leibniz rule 

{u,vw} = {m,v}w + (-1)<"+"'''>v{m,w}, (33) 

for any homogeneous m,v,w € The concept of graded Jacobi algebra of weight a is defined 
similarly, except that the associative algebra must have a unit 1 and that Condition (l33l) is replaced by 

{u,vw} = {m,v}w + (-1)<"+"'^'>v{m,w} - {m, 1}vw. (34) 

Note that we cannot confine our study to graded Jacobi (resp. Poisson) structures of weight a = 0, as 
weight a does not disappear via an a-shift in the grading of V . 

Equation (l34l) (resp. Equation (|33] )) means that a graded Jacobi (resp. Poisson) structure of weight 
a is an a-antisymmetric graded first order bidifferential operator (resp. graded biderivation) of s^. It 
follows that the appropriate graded Jacobi (resp. Poisson) cochain space is the space Diffi(j2/) (resp. 
Der(j2/)) of a-antisymmetric graded first order polydifferential operators (resp. graded polyderiva- 
tions) of . 

In IIGM03II . the authors investigated these operators using a variant of Krasil'shchik's calculus, see 
||Kra91|| . which is based upon a particular bidegree of the spaces M{£^), A{j2if), or Diffi(j/) (resp. 
Der(i2/)). More precisely, let us fix a G (to avoid overcrowded notations, the dependence on a of 
the below constructed objects will not be specified). We then denote by 9Jl(i/) the usual vector space 
M(i/) with the -gradation 

9Jt(^)= (35) 

(A,a)eZ"xZ 

where the space (j^/) of bidegree (A + aa,a) vanishes for a < —1, coincides with for 

a = —1, and is, for a > 0, the space of (a + l)-linear maps on £^ that have weight A. The subspaces 
of a-antisymmetric multihnear mappings will be denoted by 2l('*+""'")(i2/). Moreover, the subspaces 
^-j ■ ^^-j (resp. Ser^*'''^ {■^)) and the associative graded commutative dot-product "•" on these 
subspaces are described inductively w.r.t. a, see IIGM03I1 and IIKra91ll . We then get the following 

Proposition 11. Let si be an associative If-graded commutative unital algebra and let a G Z". With 
respect to the bidegree dj5D , the pair (2)iffi(£/), •) is an associative 'L'^^'^ -graded commutative unital 
algebra, ■ has weight (a, 1), and the pair (S)er(i2/), •) is a Z"^^-graded subalgebra. 

As the objective is to define the graded Jacobi (resp. Poisson) cohomology, our task is to find 
on the cochain algebra (S)iffi (iz/), •) (resp. (S)er(i2/), •)) a Z"+'-graded Lie structure (of weight 
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(0,0) € Z" X Z) or even a graded Jacobi (resp. Poisson) structure. If such a bracket [— , — ] exists 
and satisfies 

[v,w]™ = 0,[A,v]™ = (-l)>-"A(v), (36) 



it necessarily also verifies 
and 



[v,A]™ = _(_i)(v-«^+««)+«[A,v]°^ (37) 



[A,S]™(v) = (-l)i-^'-*[[A,B]G^^,v]™ 

= (-l)i-"-^[A,[B,v]™]G^^ + (-l)i+<^+«'''^'-«>-«[[A,v]G^^,B]GM (38) 

= (-l)''[A,B(v)]°^ + (-l)<^+«^'"-«)[A(v),B]°^, 



where v, w (resp. A,B) are homogeneous elements of^/ C Siffi (=g/) (resp. of S)iffi (=e/)). The bracket 
that is defined inductively by Equations (l36l ). (|37] ). and (l38l) actually fits, see LGM03,I and [.KraQl J : 

Theorem 7. If ^ is an associative U^-graded commutative unital algebra and a € Z", there is a 
unique -graded Jacobi bracket [— , — ] of degree (0, 0) G Z" x Z on the associative U^^^ -graded 
commutative algebra (2)iffi(i^), •) that verifies [A,v]^^ = (-l)'-M(v), A G Diff^*'"'^ (i*'), v G i/. 
Moreover, (Ser(i2/), [— , — J*^'^, •) is a -graded Poisson algebra. Furthermore, the graded Jacobi 
{resp. Poisson) structures of weight a on s/, are exactly the canonical elements of degree (2a, 1) of 
this graded Jacobi [resp. Poisson) algebra. 

This result immediately leads to the 

Definition 8. If 7i denotes a graded Jacobi {resp. Poisson) structure of weight a (z 7^" on the 
(usual) algebra £/, we refer to the cohomology of the DGLA (Stiff i (iz/), [— , — J*^'^, — ] ^^) (resp. 
(S)er(i2/), [— ,— ]™, [tt, — ]™)j as the graded Jacobi (resp. Poisson) cohomology of{£/,7i). 

Of course, in the (ungraded) geometric case £/ = C°°(M) (usual notations), the graded Jacobi (resp. 
Poisson) cohomology coincides with the standard Lichnerowicz- Jacobi (resp. Lichnerowicz-Poisson) 
cohomology, see IILic78ll (resp. see IILic77ll ). 

7.2.2 Link with the stem bracket 

Proposition 12. For any fixed a G Z", any A G Tiii^^^"'"'"\j2f) and any B G Difff +"'''^^(j#), the 
Grabowski-Marmo bracket is given by 

[A,B]°^ = ADB- (-l)^^+«^'^+«''>+''''BnA, (39) 

where ADB is defined inductively by 

vnw:=0, Anv:= (-l)i"M(v), a >0, vQ4:=0, a>0, 

{AUB){v) := (-l)"AnB(v) + (-l)<^+«^'"-«U(v)nB, a,b > 0, (40) 
for any v G w G Further, the explicit form of the square-product is 

{ADB) (vi,...,Vo+i+i) 

= (-l)'+"'l j^j^^ia+t+i) {-l)^'-''hiv{I;J)AiB{Vi),Vj), (41) 

|/| =b+\,\J\ =a 



where v,- G i V =i vi ® . . . (g) J, Va+b+h and [ v,- G £/ 
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Proof. The proof of Equation (1391 ) is by induction ona + b. Ifa + b < — 1, the claim is obviously true, 
see Equations ( [36l ) and ( [37] ). Equations ([38]) and ( |40l ) allow checking the rest. In order to determine 
the explicit form (|4TI ). we proceed similarly. The announced upshot is clear for a = —1 or b = — I, 
hence, in particular for a + ^ < — 1. Let us now assume that it is valid for a + b < k — I, k > 0, and 
examine the case a + b = k. As already pointed out, if a = —I or b = —I, our conjecture is verified. 
Otherwise, a,b >0, and, if we set V" = V2(E' ■ ■ - ^ Va+h+i, if we use Equation (l40l ) and the induction 
assumption, and if we exchange vi and B(V/') in the second term of the result produced in this way, 
we obtain 

{ADB){vi,V2, . . . ,Va+h+\) 

= (-l)^-ni /U7 = {2,...,a + ^+l} (-l)(^^^)^iv"(/;/)A(«(v:,y/'),V;) 
|/| = b, \J\ = a 

^ lUJ = {2,...,a + b+l} i-^r'^eMl-,J)AiBiV!^n,Vj% 
\I\=b+\,\J\ = a-\ 

In the final upshot for which we look, and ^ are unshuffies that form a partition of N^'^^^^^\ so 
that 1 is either the first element of or of ^ . The first term ^ . . . (resp. second term (— I) " L • • •) of 
the RHS of the last equation, corresponds exactly to the first (resp. second) possibility. Indeed, 

(-l)(^^^)£^v«(/;7) = (-l)^^^^)£^v(j^;^) 

(resp. 

(_l)l+W'-a(^>+l),v,-a)+^>(_i)(/;7)£^^„(;._;) ^ (_ ^))^ 
where V = vi (g) ... (8)Vfl+fo+i. □ 

In the following, we denote by | j?/ the vector space sii endowed with the gradation (], = 
Set now 

2t(j^)= 2t(^+«"'«)(i;/) I resp. A(ii;/) = A(^+«"'")(i i;/) ) , (42) 

{A,a)eZ"xZ \ {A,a)eZ"xZ 



where 2l('*+""'"') (j:/) (resp. A(^+""'")(i ^)) is the space of multilinear maps A : j^^^'^+i) j# (resp. 
A: (i^)^("+i)^ij/) that have weight A (resp. A + aa), and that are further a-graded antisymmetric 
(resp. graded antisymmetric). Obviously, the map '~^:A^A, withA defined by A (vi, . . . ,Va+i) =| A(| 
vi , . . . , I ), is a Z"+^-graded vector space isomorphism, the inverse of which is ^: A ^ A, where 
A(vi , . . . , Vfl+i ) =1 A(J. vi , . . . , J, Va+i) ■ The isomorphism ~ pulls of course the Nijenhuis-Richardson 
graded Lie bracket [— , — l'^'^ on the usual space A(J, £/), associated with the Z''-graded vector space 
I £/, back to a graded Lie bracket 

r iNR . *r iNR *r 101 

on 

Proposition 13. The Grabowski-Marmo bracket [—,—]^^ is the restriction o/ [— , — to 
2) iff 1 
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Proof. The exphcit form of the restriction of the stem bracket, see Theorem [3l to skew-symmetric 
mappings, i.e. the explicit expression of the Nijenhuis-Richardson bracket, as well as the forms 
(1411 ) and ^ of the Grabowski-Marmo bracket imply that, for A G S)iff['*+"'''"^(i2/) and B G 
X'iffj^^"'^'^'(i/), the preceding puUback reads 

-]^lAa^))(A,S) =^/^B-(-l)<^+«'''«+«^)+«^^/5A, 

where - /^A = (- 1 y+{A+aa,B+ab)+ab^^g^ ^^lat the resuh follows. □ 

Finally: 

Corollary 2. The stem bracket is (up to reading through a canonical isomorphism) a graded Lie 
bracket on the spaces of graded Loday, graded Lie, graded Poisson, and graded Jacobi cochains, 
for which the corresponding algebraic structures are canonical elements, and that thus encodes the 
graded cohomologies of all these structures. 



7.3 Strongly homotopy and graded p-ary Loday cohomologies 

Since Lod£ structures on a Z"-graded vector space V, Q ^ Z", {Q,Q) odd, are the degree Q 
canonical elements n of the Z"-graded Lie algebra {C{V), [—, — ]®), we have the natural 

Definition 9. The cohomology of a Loday infinity algebra [V, n) is the cohomology of the DGLA 
(C(y), [— , — l*^, [tt, — J*^), where the coboundary operator is, for any p G C''(V), explicitly given by 

(and Equations f lTTl ) and fl76l)). 

1. We first examine the case n = Tip, p £ {2,4, . . .}. If the odd degree Q G Z" of n is chosen to be 
equal to — l)ei, we have 

K = Kp£ M("-''-i)(y), [Kp,Kpf = 0,p even. (43) 

Essentially two p-ary extensions of the Jacobi identity were investigated during the last decades. 
If [—, — ,...,—] denotes a p-linear bracket on V, the first is the generalization, which requires that 
the adjoint action [vi, V2, . . . , Vp_i , — ] be a derivation for the ;?-ary bracket [wi,W2, ■ ■ ■ ,Wp], see e.g. 
HFilSSII . and leads to Nambu-Lie or, in the nonantisymmetric context, to Nambu-Loday structures, see 
IINam73l . The second was suggested by P. Michor and A. Vinogradov, see IIMV97I . and further studied 
in IIVV981 and in MVVOll . We refer to this last p-ary extension as p-ary Lie or p-ary Loday structure. 
A p-ary If -graded Lie structure on a Z"-graded vector space V is a map Pp G A(°'^^^)(y), such that 
ippPp = (where / is the interior product used in the definition of the graded Nijenhuis-Richardson 
bracket) or, if p is even, equivalently, such that [Pp^Pp]^^ = 0. Moreover, the cohomology of a p-ary 
Lie algebra {V,Pp) is the cohomology of the DGLA (A(y), [-, -J^^^, [Pp, -JN'^), see I.MV971 . 

Analogously, a map Tip G m(°'''"^)(V), p G {2,4, . . .}, that verifies [Tip, Tip]® = 0, is a p-ary Un- 
graded Loday structure on V . The cohomology of such an algebra (V, Tip) should be defined (and was 
defined in the case p = 2 roughly) as the cohomology of the DGLA {Mr(y), [-, -]® , [T^p, -]®)- 

In the following, we explain why 

Remark 9. The cohomology space ofn = Kp, see Equation H43i . viewed as degree [p — \)ei strongly 
homotopy Loday structure, coincides with the preceding cohomology space ofK = Kp, viewed as p-ary 
U-graded Loday structure. 
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Let us first mention that for noninfinity algebras, it is conventional to substitute in cochain space 
C{V) a direct sum for the direct product, so that 

C{V) =00 = ^M'-\V) =Mr{V). 

s€W QeZ" seW* 

Hence, C{V) carries a bigrading that is shifted with respect to the usual bigradation 

^^(^) = 0m(2.-i)(V) 

iGN* QeZ" 

of Mr{V). We emphasize that in the first bigrading the space of bidegree {Q,s) is, unlike in Section 
I7.2[ but just as above that section, the space m(2+(i^*)«i _ whereas no ambiguity is possible 

for the second grading. 

It is now easy to see that the cohomology spaces of {C{V), [-, -]®, [Tip, -]®) and {Mr{V), [-, -]®, 
[TCp, — ]®) coincide. Indeed, if tt is a Lod£ structure on V and if pt G m'-^^^^^'^'^^''^^^ {V), we have 

[n,p,f = ^(-l)i+(^-')<'^^''''>[7r^_,+i,p,]^ G ■[-jM(e+p+{i-^)^i-9-i)(V), (44) 

q>l g>l 

SO that, in the case n = Tip, Q = {p — l)ei, where necessarily q = t + p — I, the weight of cohomology 
operator [Tip, — ]® with respect to the first mentioned bigrading is {{p — l)e\,p — l). On the other hand, 
since Tip G m'"'^^^' (V), it is clear that the weight of operator [Tip, — ]® with respect to the second bigra- 
dation is {0,p- 1). It follows that the cohomology spaces of {C{V), [Up, -]®) and {Mr{V), [Tip, -]®), 
say H and H, are both Z"+'-graded. Space //(P+('-i)^i.'-i) (resp. H^P^*-^)) is encoded in the 
cocycle equation [np,Pt]® = 0, i.e. [np.Pt]® = 0, where p, G M^P'^^'^\V) (resp. [7rp,Pf]® = 0, 
Pt G M(''''"^)(V)), and in the coboundary equation, which reads p, = [np,x]® = [Kp,±x]®, with 
X G M^P''-P\V) (resp. p, = [Kp^xf , x G M^P''-P\V)), for any cocycle p,. This observation entails 
that 

fj{p+{t-l)eut-l) ^fjip,t-l]_ 

Hence, the cohomology spaces H and H coincide, but their natural GLA structures, which are induced 
by [-, -]® and [-, -]®, are Z"- and Z"+'-graded respectively. 

For /? = 2, we of course recover the abovedefined cohomology space of a graded Loday algebra. 

2. If 71 is not a sequence of all but one vanishing elements. Equation (l44l ) implies that the Lo- 
day infinity coboundary operator [tt,-]® maps m(''+(i-')'^1''-i)(V) into n^>iM(e+P+(i-«)^i''?-i)(V). 
Hence, the Loday infinity cohomology is not Z-graded. Nevertheless, if we consider the (decreasing) 
filtration 

= ]^M(«+(i-^>''^-i)(y), ;t > 1, 
and if p = 'LR'Lt>kPR,t G we get 

Indeed, a.s k <t,we have q<k— l^q<t — l<^s = q — t + l<0,so that the sum over s, t vanishes 
for these q. The observation yields 

[7r,Q(V)]®cQ(y). 

Eventually, 
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Remark 10. The pair {C{V), [k, — ]^) is a differential filtered space and admits a spectral sequence. 



3. Let '^(V) be the -graded vector subspace 

of C(y). Note that "^(V) is closed for the bracket [— , — ]® and that Lie infinity structures are canonical 
elements of the graded Lie subalgebra ('^(V), [— , — ]®). Hence, the cohomology of a Lie infinity 
algebra {V, 7i) is the cohomology of the DGLA ("^(V), [-, -]® , [tt, -]®). If the L<» structure has the 
degree ei, the restriction of the coboundary operator [?r, — ]® to ^(V) coincides with the differential 
studied in llPenOl il and used in IIFP02I . 
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